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Abstract 

This tribute to the memory of my old friend and collaborator, Richard Arnowitt, focuses on 
the history, results and physical significance of the Arnowitt-Deser-Misner (ADM) formulation of 
General Relativity, starting from its birth in 1958-9 through its completion, in a series of over a 
dozen papers, in 1962-3. A few of its later applications are also mentioned. 
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I. PREHISTORY 


Dick and I came to Harvard’s Physics graduate school essentially simultaneously, although 
he had already earned an MA from RPI. Our paths were parallel throughout Harvard’s course 
system for the first two years and when we both began theoretical research under our mentor, 
Julian Schwinger, then an almost unapproachable idol. Those were the years right after the 
wave of wartime students’ influx (Julian alone producing many Nobel laureates, besides 
himself), and marked the end of the great Quantum Electrodynamics (QED) postwar era. 

We each had different postdoc trajectories, but in Fali ’58 I found myself back at Harvard 
as Schwinger’s assistant, at a time when everyone was trying to find the next wave. Although 

1 worked on the then fashionable dispersion theory, both Dick and I maintained our love for 
Quantum Field Theory. Indeed, so did Julian, who began to (re-)think about higher spins, 
including spin 2 - the basis of General Relativity (GR), which he of course had learned as 
a child. At that time, GR was an almost forgotten domain, mostly devoted to the botany 
of exact Solutions and other geometrical practices, and frowned on as an occupation for 
young theoreticians by that era’s authorities. [What a difference a few decades makes!] 
Independently of Schwinger, Dick and I began to apply our knowledge of QED to spin 

2 as well, and in that year 58-59, had completed the canonical analysis of the easy part 

- linearized GR. It goes without saying that, for us ąuantum dwellers, the aim was to 
ąuantize the theory. [Of course we knew that ąuantizing the linear limit would be trivial - 
as indeed it was, having been done in the early thirties by Bronstein and Rosenfeld- and 
that perturbative GR was non-renormalizable, by the already standard old Fermi theory 
argument using the dimensionality of Newton’s constant.] 

During that hrst period, we were summoned by Wheeler, who had heard of, and wanted 
to be briefed on, our ideas. As we entered his office - which was eąuipped with a huge tape 
recorder as well as his notorious bound notebooks - he asked whether he could bring in his 
student who might have some relevant results for our ąuest. Being seasoned postdocs, we 
did not expect much from a mere student, but agreed. After our exposition, Gharlie Misner 
told us of his new formulation of the GR action, and it was suggested we join forces. We 
were smart enough to realize the benefits and rapidly agreed to do so. Thus was ADM born 

- and nonę of us ever looked back. 
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II. ADM: THE HISTORY 


Between 1958-9 and 1963, the three of us collaborated, sometimes in the same spot(s) - 
they were many - by mail, and (rarely) by phone in tłiose prehistorie days. We attended 
the historie Royaumont Conferenee in Franee,the third in the famous series (the traditional 
numbering is ^0 in Bern in 1955, whieh only I attended, as an ignorant tourist, was 
in Chapel Bill in 1957 where Charlie & I were present). In Royaumont, we diseovered that 
Dirae was on the same traek - but also that our approaehes were almost orthogonal, and 
that we were ahead in results: This was fortunate, beeause to eompete with Dirae would 
otherwise be enough to diseourage anyone! The whole subjeet was indeed slowly waking from 
its hibernation from the early twenties: for example, even that first dedieated, 1955 Bern, 
eonferenee had but 80 partieipants, of whom far fewer were pros. Still, by the late 50s there 
were a number of aetive, if smali, groups of younger people working in London, Syraeuse, 
Texas, UNC, Hamburg, Warsaw, Prineeton and the USSR. The Warsaw eonferenee of 1962 
also ineluded Dirae, as well as Feynman - who mainly (eo-) eontributed the formal need for 
ghosts in eovariant ąuantization of nonabelian gauge helds. 

The most intense, initial - and produetive - 3-way streteh eame in the Summer of ’59, 
when we all met on a Danish island and worked on the floor in a Kindergarten, now alas 
gone, on knee-high blaekboards. It was there that we found the basie translation of the 
geometrieal meaning of GR into modern Field Theoretieal language. From that realization, 
all the pieees fell into plaee - the many results we obtained in our many subseąuent papers 
just kept eoming! By 1963,we had morę or less found all that was worth doing to set up the 
physies, and our eollaboration - but not our friendship - naturally dissolved on geographie 
grounds. 


III. ADM - THE PHYSICS 

Sinee this is intended for a nonspeeialized readership, I will only outline the basies of the 
ADM version of GR; details and extensions may be found in our various papers; the entire 
story, ineluding individual referenees, is eontained in our major 1962 review paper, now 
available online [l|. I emphasize that our formulation is entirely equivalent to geometrieal 
GR, but eouehed in the then newly developed language of gauge theories. The key eąuation 
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from which many results flow is the Einstein-Hilbert action (the densities also agree up to a 
total divergence) in 3 + 1 [or in any (H —1) + 1], in canonical, Hamiltonian - L = pq — H{p,q) 
- first order form and in Planck units, 

I = j d^x (3.1) 

+ (7rV2 - /\/^ (3.2) 

= -2Dj7r^^ . (3.3) 

Here the six conjugate pairs {7i^\gij) are of course to be varied independently and all 
operations such as index-shifting and covariant differentiation Di use the 3-metric gij and 
its inverse g"^^. All variables are combinations of the metric and second fundamental form: 


9‘V’ (+ - 9„r+’'*) (3.4) 

N„ = N= (-9im)"‘'" = (3.5) 


So TT*-^ is essentially the time derivative of the spatial metric gij, as behts a canonical 
momentum variable, while the Lagrange multipliers in fl3.ip are collectively the set 

{goii}, nowadays also called the shift (Aj) and lapse (A). The Hamiltonian action fl3.ip is 
both very familiar (as pq — H) and very alien: varying the A^ yields the four constraints 
R^ = 0 - constraints because they do not involve time derivatives - leaving a vanishing 
Hamiltonian: now L = pq — 0 \ 

The resolution of this paradox is key to understanding how geometry, including coordinate 
invariance, transmutes into “mechanics”. What we realized in that Kindergarden was that 
this phenomenon was already ~ if artihcially - constructed long ago by Jacobi - who showed 
that the standard action principle for a dynamical system could be parametrized to elevate 
the number of degrees of freedom by one, and remove the Hamiltonian altogether, replacing 
it by a constraint on the that new - fake - excitation: 


I 


Jur 

■ N 

'^p°‘dqa + PdQ 

.a=l 



A [P + H{p, q)] dr 



— NR (P;p, q) dr 


(3.6) 

(3.7) 

(3.8) 
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Solving the i?-constraint for P and choosing Q to be the time recovers the original action. 
Notę the “generał covariance” of the last expression under choice of time r, and its exact 
ADM form fl3.ip . So GR is what we called an “already parametrized” theory - with no 
underlying “normal” action I = j dt\pq — H{p,q)\ and time t to take refuge in! There are 
four constraints, simply because we have a field theory with four coordinates instead of 
just time. Each constraint removes one degree of freedom (in this first order form), leaving 
only two of the original 6 {7r^^,gij) pairs. Concretely, we may take these to be the two 
transverse-traceless (TT) modes (just two because of the 4 conditions djTi’'^ = 0 = tt-, etc.). 
[Morę generally, they are the equivalents of the two transverse photon excitations Af'j 

- and indeed of the two helicity ±s modes of any massless, spin s > 0 excitations, in 
D = 4.] In the weak held limit, they describe the - abelian gauge-invariant - helicity ±2 
gravitons. We are separately free to decide on what to use as the coordinates x^, including 
time - this is coordinate invariance of course - with the corresponding, conjugate, choice 
of Hamiltonian or rather 4-momentum P^. [This gauge freedom comes with all sorts of 
problems of principle regarding gauges that differ by functions of the two “true” excitations, 
especially in any formal ąuantization attempt. We discussed these troubling issues in some 
detail, but they keep being rediscovered.] The physical guide to proper coordinate choices, 
apart from morę exotic ąuestions for spaces with weird topology, is of course the asymptotic 

- at spatial inhnity (rather than nuli inhnity, morę suited to non-“3+1” approaches) - 

weak field regime, that is, the usual choice of boundary conditions in field theories, though 
here there can also exist closed spaces with no inhnity - and hence no notion of energy 
either, as we will see. [Parenthetically, a cosmological constant is easily incorporated, sińce 
^/^ = by just adding to in fl3.ip and altering asymptotic states from hat 

to (A)dS spaces. 

Gauge invariance means local ąuantities such as the gravitational held’s stress-tensor are 
meaningless - but global ones such as are physical - in particular, energy is well-dehned, 
and is in fact even simply expressed as a surface integral over energy hux at spatial inhnity, 
just like hux of longitudinal electric held counts the total charge Q in Maxwell. This so- 
called “ADM” energy or mass plays an essential role in every aspect of GR, and indeed 
in Supergravity (SUGRA), GR’s modern successor S. I. .t. ..plest ter.s. ^ . de«„ed 
from the constraint of fl3.1l) . as the conjugate to the simplest asymptotic time choice, 
best seen by expanding P° into its uniąue linear term - the linear part of the 3-curvature 
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V^g^, where is a particular component of ^ in its orthogonal expansion that 


extends a vector’s decomposition into transverse (divergence-less) and longitudinal (curlfree) 
parts - plus the nonlinear remainder. Tłien the spatial integral of the Poisson eąuation 
V‘^g'^ = —R^ (nonlinear) is the total energy. [Solutions that do not decay sufficiently 
rapidly at spatial inhnity, or, at the other extrenie, closed spaces, do not - and should not 
- have well dehned E.] These siniple arguments can be formalized in terms of asymptotic 
Killing vectors, obeying D(^iKj) = 0; indeed this must - and can - be done exphcitly to dehne 
energy also in the presence of the cosmological term and indeed for arbitrary covariant 
extensions of GR Ą, such as R + R^ models. It also has a counterpart in the need for 
asymptotic Killing “color” vectors to dehne the total, non-abelian, charge in Yang- Mills 
models that - unlike Maxwell - are “charged”, just as the gravitational held’s “charge” 
is energy. 

Establishing E-positivity was one of the longest-standing challenges in the held, to which 
ADM contributed only some special cases; indeed it was not proved until much later. On the 
other hand, positivity of (necessarily ąuantumj SUGRA energy, which includes that of GR 
in the classical limit, was easily established jo] soon after SUGRA itself, basically because 
that theory is the “Dirac sąuare root” of GR - the very words “sąuare root” almost embody 
it. 


Many other uses of the ADM formulation were explored - the wave zonę and gravitational 
waves could be dehned, in analogy with the near and far zones of electrodynamics - this 
being one major example; to this very day sophisticated numerical studies of radiation use 
the ADM methods that are especially suited to time evolution of the gravitons’ excitation 
modes as well as to their creation and absorption. 

Another deep problem is that of self-energy of massive neutral or charged particles, and 
morę generally the ehective particle-particle post-Newtonian interactions. The latter subject 
has also been pushed to high analytic and numerical order, using the ADM ehective matter 
coupling results; this industry is now at high-n posP^-Newtonian level, although of course, 
beyond a certain order, inclusion of radiative ehects is unavoidable. Indeed it is a beautiful 
(and a priori amazing) result that all matter systems couple to gravity in exactly such a 
way as to keep the sacred form 


L (matt; g^,^) = - N^R^ {p, q; gij, tt*^) . 


(3.9) 
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That is, the coupled theory maintains the hallmark of “already parametrization” - or generał 
covariance - in particular the NR form, with R independent of - when the conjugate 
matter pairs {p, q) are properly chosen. This generał property was łater estabłished in a 
series of łong technicał papers l7|. 

n 

Corning back to the sełf-energy probłem, it had łong [8| been specułated that GR might 
dampen sełf-energy divergences of matter. One amusing indication is the fołłowing argument 
showing that a distribution of bare mass mo had vanishing ADM mass m in the point 
{R —>■ 0) łimit, and further that a charged one’s łimiting mass was proportionał to its 
charge, m —)■ |e|. It is in fact ąuite intuitive: for the neutrał mo, of size i?, the “Newtonian” 
energy is of course 

E{N) = mo — Gml/2R —oo (3.10) 

sińce the sełf-interaction onły invołves the bare, mechanicał mass, whereas in GR ALL mass 
*sełf*-gravitates, so 

E{GR) = mo — Gm^/R —)■ 0 . (3-11) 

The łimit is obtained by sołving the ąuadratic eąuation fl3.1ip for m(mo, R)- Physicałły, this 
means that the totał mass m diminishes from its diłute vałue mo aX R = oo. Once it reaches 
0, however, the process stops - m cannot go negative, there being no mass łeft to gravitate! 

The above amazing - perhaps counterintuitive - resułt even extends to a charged massive 
distribution: the effect of the Coułomb interaction, nameły adding the extra term +e^/2R 
in fl3.10p or fl3.1ip . is as fołłows: in the Newtonian łimit, one gets E{N) —)■ ±cxo depending 
on the ratio of ejmo- Instead, the GR łimit is finite: 

E{GR) ^/e^G . (3.12) 


These ełementary arguments are borne out by sołving the corresponding constraint equa- 
tions in detaił. To be surę, cłassicał finiteness does not impły ąuantum finiteness, ałthough 


there has been some ąuantum corroboration 


^ of our above entireły nonperturbative ef¬ 


fect. Indeed it is known that in perturbative (our onły current generał approach) ąuantum 
gravity, even łow łoop orders L are divergent for GR ałone {L = 2) or coupłed to matter 
of any spin, massive or massłess (L = 1, except L = 3 for N = 1 SUGRA) [^. The onły 
remaining hope is the very speciał system of maximał, unbroken - N = 8 - SUGRA, which 
is stiłł standing - hnite - to high, 7, łoop order jłT l. 
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I will not enter into tlie immense literaturo on ADM applications to many concrete prob- 
lems, ranging from cosmology - there, amongst others, to ttie dark energy, dark matter and 
cosmic acceleration problems - to astropliysics, in manifold ways, especially tliose involving 
gravitational radiation and matter interactions - to gravitational model building, including 


extensions of GR and SUGRA 


12| - to numerical integration metliods, to ąuantization. I 


must content myself witli this, telegraphic and incomplete, list of topics touched by ADM 
ideas - essentially all domains of GR and its generalizations. Interested readers will easily 
encounter specific examples, some even speaking ADM without knowing it. 


IV. SUMMARY 

This tribute to my deceased long-term collaborator and friend, Dick Arnowitt, gives 
an extremely compressed, and incomplete, view of tlie role played by ADM in all areas 
of gravitational research, from the conceptual to the numerical. I refer the reader to the 
original works, catalogued in [l|, and to the vast, and ongoing, related literaturo. ADM 
was meant to bring GR from 1915 into the late twentieth Gentury - expressing it in the 
language of modern held and gauge theories - hoping to clarify its relation to the other three 
fundamental forces on the one hand, and to provide, in its own domain, a bridge to numerical 
and analytical applications on the other. In these tasks it has reasonably succeeded. Our 
only regret is that Dick will not share the forthcoming Einstein Medal for ADM in this, 
GR’s Gentennial year. 
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